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Every twofold triple system, or block design with k = 3 and I= 2. is the 
underlying design of a directed triple system. Applications to the existence and 
enumeration of directed triple systems are described. 
1. INTRODUCTION 
A Steiner triple system of order v, denoted STS(u), is a collection of 3- 
subsets (called triples or blocks) of a v-set, having the property that every 2- 
subset of the v-set appears in precisely one block. An STS(v) exists whenever 
v = 1,3 (mod 6) [5]. Similarly, a twofold triple system TTS(v) is such a 
collection in which each unordered pair appears in precisely two triples. A 
TTS(V) exists whenever v = 0, 1 (mod 3) [2]. 
Mendelsohn and his colleagues [4,6] generalized STS in a different 
manner. A Steiner triple system can be viewed as a decomposition of the 
complete v vertex graph into edge-disjoint triangles. A Mendelsohn triple 
system, MTS(v), is a decomposition of the complete v vertex directed graph 
into directed cycles of length 3. Mendelsohn [6] showed that an MTS(v) 
exists whenever u z 0, 1 (mod 3), except for u = 6. MTS and TTS are closely 
related (when one ignores directions in an MTS, a TTS results). This is the 
underlying TTS of the MTS. 
A TTS which underlies some MTS is termed orientable. Orientable 
TTS(v), therefore exist for all u = 0, 1 (mod 3), except for v = 6. In fact, 
Bennett and Mendelsohn [l] have shown that nonorientable TTS(v) exist for 
all u E 0, 1 (mod 3). 
Hung and Mendelsohn [4] introduced another generalization of Steiner 
triple systems. A directed triple system, DTS(u), is a decomposition of the 
complete v vertex directed graph into transitive tournaments of order 3 (an 
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alternate name is transitive triple systems). A DTS(v) exists whenever 
u = 0, 1 (mod 3) [4]. Paralleling the case of MTS, we call a TTS directable if 
it is the underlying TTS of some DTS. This suggests the possibility of an 
investigation such as Bennett and Mendelsohn’s, the characterization of 
nondirectable TTS. We set out to find nondirectable TTS in the literature, 
but found none. In fact, the remainder of this paper is spent proving that 
there are none; all TTS are directable. 
2. DIRECTABILITY 
A partially directed triple system PDTS(v) results from replacing each 
triple of a TTS(v) by a transitive tournament of order 3 on the same three 
points. A DTS(v) is a PDTS(v), but the converse need not hold. The 
deficiency of a PDTS(v) is the number of ordered pairs of vertices contained 
in two of the transitive triples; hence, a DTS(v) is a PDTS(v) with deficiency 
zero. 
Every TTS is the underlying system of some PDTS (this follows 
immediately from the definition). The stronger result, that every TTS 
underlies some DTS, is obtained via 
LEMMA 1. Let D be a PDTS(v) with deficiency d > 0. Then there is a 
PDTS D’ having the same underlying TTS as D, with deficiency d’ < d. 
Proof: System D has deficiency d > 0; hence, there are two transitive 
triples which both contain a directed edge, say (x, y). We write a transitive 
triple as (a, b, c), signifying the directed edges (a, b), (a, c), and (b, c). 
Consider one of the triples containing (x, y); it is one of (x, y, z), (x, z, y), or 
(z, x, y). If the triple is of the form (x, y, z), we proceed as follows: We 
construct a new PDTS D’ by replacing (x, y, z) with (y, x, z), leaving all 
other triples the same. System D’ is a PDTS with the same underlying TTS 
as D, and its deficiency is smaller. Hence, in this case the lemma holds. A 
similar argument handles the third possibility, i.e., (z, x, y) is replaced by 
(z, y, x). 
In the second case, (x, z, y), more is needed. Observe that since the 
underlying structure is a TTS, either (x, z) appears in exactly one other 
triple, or (z, x) appears in exactly one triple. In the first case, we replace the 
triple (x, z, y) with (z, y, x), thus reducing the deficiency by two; again, this 
would complete the proof. Otherwise, consider the triple containing (z, x). It 
is one of (z, x, a), (z, a, x), (a, z, x), or (z, x, y), In the last case, we replace 
(z, x, y) with (y, z, x), reducing the deficiency by two. In the first case, we 
delete (x, z, y) and (z, x, a) and add (I, y, x) and (x, z, a), reducing the 
deficiency by one. The third case is similar: (x, z, y) and (a, z, x) are 
replaced with (z, y, x) and (a, x, z). 
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We are left with only one possibility: (x, z, v) and (z, a, x) are triples. We 
continue to consider a sequence of triples containing x. Let us suppose that 
the last triple examined in the sequence is (x, c, b). If (x, c) is an arc in 
another triple (that is, if (x, c) is repeated), we modify the system by 
reversing the directions on all arcs involving x in each triple of the sequence 
seen so far. 
Otherwise, (c, x) appears in a triple, one of (c, x, d), (c, d, x), or (d, c, x). If 
d is a vertex not yet encountered in the sequence, we proceed as follows: In 
the first or third cases, we modify the system by first reversing the direction 
of all arcs containing x in the triples of the sequence so far. We then replace 
the triple (c, x, d) with (x, c, d) (or (d, c, x) with (d, x, c)). In either of these 
cases, we are finished. Otherwise (in the second case), we extend the 
sequence once again. 
If we do not terminate in any of the ways described, we must have a new 
triple in the sequence introduce a vertex seen in an earlier triple of the 
sequence. Since the underlying structure is a TTS, this vertex must be y (we 
have previously seen both triples for each of the intermediate vertices). 
Hence, the sequence of triples closes into a “circuit.” This can happen in 
precisely three ways; the final triple in the sequence is one of (x, y, q), 
(x, q, y), or (q, x, y). The first and third are easily handled as before. In the 
second case, we reverse every arc containing x in every triple of the circuit, 
with the exception that (x, q, y) is replaced by (q, x, y). 
Thus, we can always reduce the deficiency, which completes the proof. 
THEOREM 2. Every TTS is directable. 
Proox Every TTS underlies a PDTS. By repeated application of 
Lemma 1, every TTS underlies some PDTS with deficiency 0, i.e., a DTS. 
Then every TTS is directable, as required. 
3. APPLICATIONS 
Theorem 2 establishes the existence of a DTS(v) whenever v = 0, 1 
(mod 3), thus giving a totally different proof of Hung and Mendelsohn’s 
result. It is much stronger, however. It shows that DTS(v) are quite 
numerous (at least as numerous as TTS(v)), since the group of a DTS(v) is a 
subgroup of the group of its TTS(v). 
Further, the many avenues in the proof of Lemma 1 by which deficiency 
can be reduced, suggest a large ratio in the number of DTS to the number of 
TTS. These observations based on Theorem 2 agree with our practical 
experience on small orders; for example, there are 2368 nonisomorphic 
DTS(7) [3]. 
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An interesting potential application would be to develop a lower bound, 
for a TTS(u), on the number of nonisomorphic DTS(V) which it underlies. 
This may yield a good lower bound on the number of nonisomorphic DTS. 
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